Background
If p > 1,
1 p > 0, ||g|| q > 0, then we have the following Hardy-Hilbert's integral inequality (cf. Hardy et al. 1934): where, the constant factor π sin(π/p) is the best possible. Assuming that a m , b n ≥ 0, a = {a m } ∞ m=1 ∈ l p , b = {b n } ∞ n=1 ∈ l q , ||a|| p = ( Inequalities (1) and (2) are important in Analysis and its applications (cf. Hardy et al. 1934; Mitrinović et al. 1991; Yang 2009a Yang , b, 2011 .
In 1998, by introducing a parameter ∈ (0, 1], Yang (1998) gave an extension of (1) with the kernel 1 (x+y) for p = q = 2. Recently, Yang (2009b) gave extensions of (1) and
x + y dxdy < π sin(π/p) ||f || p ||g|| q ,
a m b n m + n < π sin(π/p) ||a|| p ||b|| q .
(2) as follows: If 1 , 2 ∈ R, 1 + 2 = , k (x, y) is a non-negative homogeneous function of degree − , with φ(x) = x p(1− 1 )−1 , ψ(x) = x q(1− 2 )−1 , f (x), g(y) ≥ 0, g ∈ L q,ψ (R + ), ||f || p,φ , ||g|| q,ψ > 0, then we have where, the constant factor k( 1 ) is the best possible. Moreover, if k (x, y) keeps finite value and k (x, y)x 1 −1 (k (x, y)y 2 −1 ) is decreasing with respect to x > 0 (y > 0), then for a m, b n ≥ 0, b = {b n } ∞ n=1 ∈ l q,ψ , ||a|| p,φ , ||b|| q,ψ > 0, we have the following Hilbert-type inequality with the same best possible constant factor k( 1 ):
On half-discrete Hilbert-type inequalities with the non-homogeneous kernels, Hardy et al. provided a few results in Theorem 351 of Hardy et al. (1934) . But they did not prove that the the constant factors are the best possible. Yang (2005) gave an inequality with the kernel
as follows:
and proved that the constant factor B( 2 , 2 )( > 0) is the best possible. Zhong et al. (Zhong 2008 (Zhong , 2011 (Zhong , 2012 Li and He 2007; Azar 2008; Jin and Debnath 2010; Huang 2010 Huang , 2015 Krnić and Vuković 2012; Adiyasuren et al. 2014 Adiyasuren et al. , 2016 He 2015 ) investigated a few half-discrete Hilbert-type inequalities and some other Hilbert-type inequalities. In 2014, Yang et al. published a book (Yang and Debnath 2014) for building the theory of half-discrete Hilbert-type inequalities.
In this paper, by means of weight functions and Hermite-Hadamard's inequality, and introducing a discrete interval variable, a more accurate half-discrete Hardy-Hilberttype inequality related to the kernel of arc tangent function and a best possible constant
factor is given, which is an extension of a published result mention in Yang and Debnath (2014) . The equivalent forms and the operator expressions are considered.
An example and some lemmas
In the following, we make appointment that ∈ N) , and
Proof For n 0 ∈ N\{1}, by the assumptions and Hermite-Hadamard's inequality, we have
It follows that
In the same way, we still have Hence, adding these two inequalities, we have (7).
Lemma 2 If ρ > 0, 0 < σ < γ ≤ 1, define the following weight coefficients:
We have where, k(σ ) is indicated by (6). (13), (8) and (7), we have Setting u = x δ V (t) in the above, by (6), we find Hence, (11) follows.
Setting u = V n x δ in (9), we find du = δ V n x δ−1 dx. If δ = 1, then
In view of (6), we have (12).
Lemma 3
If ρ > 0, 0 < σ < γ ≤ 1, there exists a n 0 ∈ N, such that ν n ≥ ν n+1 (n ∈ {n 0 , n 0 + 1, · · · }), and V ∞ = ∞, then, (i) for x ∈ R + , we have
where, 
(ii) For b > 0, by (8), we find
Hence we have (16).
Note For example, ν n = 1 n β (n ∈ N; 0 ≤ β ≤ 1) satisfies the conditions of Lemma 3 (for n 0 = 1).
Main results and operator expressions
Theorem 1 If ρ > 0, 0 < σ < γ ≤ 1, k(σ ) is indicated by (6), then for p > 1, 0 < ||f || p,� δ , ||a|| q, � < ∞, we have the following equivalent Hardy-Hilbert-type inequalities: . If J 1 = 0, then (18) is trivially valid; if J 1 = ∞, then (18) keeps impossible. Suppose that 0 < J 1 < ∞. By (17), we have and then (18) follows, which is equivalent to (17).
(20)
(21) . If J 2 = 0, then (19) is trivially valid; if J 2 = ∞, then (19) keeps impossible. Suppose that 0 < J 2 < ∞. By (17), we have and then (19) follows, which is equivalent to (17).
Therefore, inequalities (17), (18) and (19) are equivalent.
(23)
(24)
Theorem 2 With regards the assumptions of Theorem1, if there exists a n 0 ∈ N, such that υ n ≥ υ n+1 (n ∈ {n 0 , n 0 + 1, . . .}), and V ∞ = ∞, then the constant factor k(σ ) in (17), (18) and (19) is the best possible.
Proof For ε ∈ (0, qσ ), we set σ = σ − ε q (< min{1, γ }), and f = f (x), x ∈ R + , a = { a n } ∞ n=1 ,
Then for δ = ±1, we obtain
By (28), (16) and (14), we find
If there exists a positive constant K ≤ k(σ ), such that (17) is valid when replacing k(σ ) to K, then in particular, we have ε I < εK || f || p,� δ || a|| q, � , namely,
is the best possible constant factor of (17).
The constant factor k(σ ) in (18) [ (19)] is still the best possible. Otherwise, we would reach a contradiction by (22) [(25) ] that the constant factor in (17) is not the best possible.
, and define the following real normed spaces:
Assuming that f ∈ L p,� δ (R + ), setting we can rewrite (18) as ||c|| p,
Define the formal inner product of T 1 f and a = {a n } ∞ n=1 ∈ l q, as follows:
Then we can rewrite (17) and (18) as follows:
Define the norm of operator T 1 as follows:
Then by (32), it follows that ||T 1 || ≤ k(σ ). Since by Theorem 2, the constant factor in (32) is the best possible, we have
.
we can rewrite (19) as ||h|| q,�
Definition 2 Define a half-discrete Hardy-Hilbert-type operator
as follows: For any a = {a n } ∞ n=1 ∈ l q, , there exists a unique representation
Define the formal inner product of T 2 a and f ∈ L p,� δ (R + ) as follows:
Then we can rewrite (17) and (19) as follows:
Define the norm of operator T 2 as follows:
Then by (36), we find ||T 2 || ≤ k(σ ). Since by Theorem 2, the constant factor in (36) is the best possible, we have (17), we obtain the following inequality with the homogeneous kernel of degree 0:
(ii) For δ = 1 in (17), we obtain the following inequality with the non-homogeneous kernel: ||f || p,� 1 ||a|| q, � .
(iii) For µ n = 0(n ∈ N) in (17), we have the following inequality:
where, the constant factor ρ σ/γ π 2σ cos( πσ 2γ ) is still the best possible. Hence, inequality (17) is a more accurate form of (40) (for 0 < µ n ≤ µ n 2 , n ∈ N). (iv) For µ n = 1(x ∈ R + , n ∈ N), δ = −1 in (40), we have the following inequality:
which is a particular case of Example 3.2 in Yang and Debnath (2014) for = 0, 1 = −σ , 2 = σ and k (x, n) = arctan ρ x n γ .
We still can obtain some inequalities in Theorems 1-4, by using some particular parameters.
Conclusion
By means of the technique of real analysis, weight functions and Hermite-Hadamard's inequality, and introducing a discrete interval variable and parameters, a more accurate half-discrete Hardy-Hilbert-type inequality related to the kernel of arc tangent function and a best possible constant factor is given. The equivalent forms and the operator expressions are also considered. The method of weight functions is very important, which is the key to help us proving the main results with the best possible constant factor. The lemmas and theorems provide an extensive account of this type of inequalities.
